We provide a quantification of the capability of various quantum dephasing processes to generate coherence out of incoherent states. The measures defined, admitting computable expressions for any finite Hilbert space dimension, are based on probabilistic averages and arise naturally from the viewpoint of coherence as a resource. We investigate how the capability of a dephasing process (e.g., a non-selective orthogonal measurement) to generate coherence depends on the relevant bases of the Hilbert space over which coherence is quantified and the dephasing process occurs, respectively. We extend our analysis to include those Lindblad time evolutions which, in the infinite time limit, dephase the system under consideration and calculate their coherence generating power as a function of time. We further identify specific families of such time evolutions that, although dephasing, have optimal (over all quantum processes) coherence generating power for some intermediate time. Finally, we investigate the coherence generating capability of random dephasing channels.
I. INTRODUCTION
One of the main distinctive features of quantum theory is the superposition principle. According to it, physical states of a quantum system can be expressed as linear combinations of other quantum states and different bases, usually associated with eigenstates of observables, yield different expansions. The presence of accessible relative phases between the different branches is known as quantum coherence and gives rise to quantum interference phenomena, lying in the heart of theory [1] . Quantum coherence, besides being a integral part of the quantum theory, constitutes also an important ingredient, for example, in quantum metrology [2] [3] [4] , quantum computation [5] and quantum error correction [6] , quantum thermodynamics [7] [8] [9] and quantum biological processes [10] [11] [12] .
On the other hand, important classes of dynamics in open quantum systems as well as various measurement processes lead to dephasing of the system under consideration (see, e.g., [13] and [14] ). Dephasing processes are linked to loss of information associated with the relative phases between the branches of the wavefunction. Nevertheless, dephasing of a quantum state does not necessarily imply total loss of its quantum coherence, since both dephasing and coherence are notions well-defined only with respect to specific bases in the Hilbert space which can, in general, be different.
The main purpose of this work is to quantify the capability of various dephasing processes to generate quantum coherence out of incoherent states. We investigate how the efficiency of a dephasing process (e.g., a non-selective orthogonal measurement) to generate coherence depends on the associated bases in the Hilbert space and study its maximization. The situation of a dephasing process occurring over a random basis is also examined. We further consider quantum evolutions described by the Lindblad master equation which lead to dephasing of the system under consideration and examine how their capability to generate coherence varies as a function of time. Remarkably, we find that there exist time instances * e-mail address: styliari@usc.edu over which certain such dephasing evolutions can generate coherence as well as the optimal unitary processes.
In this work we are interested in the capability of (particular classes of) quantum operations to produce coherence, rather that just in the amount of coherence being present in quantum states. In general, no unique formulation in resource theories exists for this quantification and different approaches, encapsuling different aspects, exist (see, e.g., [15] [16] [17] [18] [19] [20] ). Here, we adopt the relevant definition of coherence generating power of quantum operations based on probabilistic averages [21] [22] [23] (summarized in section II C).
This article is organized as follows. In section II A we give the preliminary mathematical definitions and set the notation. In section II B we recall basic aspects of the resource theory of quantum coherence while in section II C we present the main definitions of the coherence generating power formalism (following [21, 22] ), which is a way of extending the quantification of coherence from states to quantum operations, and expand on them. The main body of the article is section III, where we first distinguish between different classes of dephasing processes (section III A) and then we quantify the capability of such processes to generate coherence (section III B and section III C). In section IV we investigate dephasing time evolutions obeying the Lindblad master equation and study the coherence generating power of those evolutions as a function of time (section IV A) as well as specific families of those evolutions attaining optimal coherence generating power (section IV B). Finally, in section V we study the coherence generating capability of random dephasing processes. In section VI we conclude.
II. SETTING THE STAGE A. Basic definitions
Let {|i } The (Shatten) 1-norm of operator X is defined as X 1 Tr
are the singular values of X) while X ∞ denotes the operator (spectral) norm, i.e., X ∞ max i (s i ).
The above construction can be extended to the superoperator space B (B (H)), which can be similarly equipped with a (Hilbert-Schmidt over the Hilbert space B (H)) scalar product X, Y Tr(X † Y) and a 2-norm X 2 √ X, X (where X, Y ∈ B (B (H)) ) [24] . The 1-1 induced norm is denoted as X 1,1 sup A 1 =1 ( XA 1 ). The 1-1 norm is unstable under tensorization [25] , i.e., in general X ⊗ Y 1,1 X 1,1 Y 1,1 . Nevertheless the diamond norm, which can be defined as X ♦ X ⊗ I d 1,1 [26] , satisfies X ⊗ Y ♦ = X ♦ Y ♦ (I d above denotes the identity superoperator over H C d ). We define as physically valid quantum operations E over the set of density operators S(H) ⊂ B(H) all the linear, Completely Positive (CP) and Trace Preserving (TP) maps E : S(H) → S(H).
Given a complete set of orthogonal (not necessarily rank-1)
we define the B-dephasing superoperator as
which is an orthogonal projector over B(H). The complementary projector is denoted
. The range of a linear operator X is denoted as Ran(X).
For a d-dimensional probability vector p (i.e., p i ≥ 0,
We use S (ρ) − Tr (ρ ln ρ) for the von Neumann entropy of ρ ∈ S(H).
B. Resource theory of quantum coherence
The main idea behind quantum resource theories is simple: a subset of the physical states of the quantum system under consideration is distinguished (called free states), as well as a subset of its possible quantum evolutions (called free operations). The free states contain no resource (by definition) and, for the resource theory to be consistent, free operations should map free states to free states. Any proper resource quantifier is a function mapping quantum states to non-negative real numbers with the properties that (i) the amount of resource of a free state vanishes, and (ii) the amount of resource contained in any state cannot increase under the action of free operations. Such functions are hence also called resource monotones.
In the resource theory of coherence the set of free states I B , which are called incoherent states, is defined (with respect to a basis) as the image (over quantum states) of the associated Bdephasing superoperator:
i.e., a state ρ is incoherent if and only if ρ = i p i P i with
any probability distribution. The set of free operations I B has to be compatible with the set of free states, by ensuring no resource can be generated by the action of free operation on free states, i.e., if W ∈ I B is free then W(ρ) ∈ I B for any ρ ∈ I B . This is the minimal requirement of the theory for consistency and gives raise to the largest class of free operations, known as Maximally Incoherent Operations (MIO) [27] which are quantum operations W such that W(I B ) ⊆ I B . Several alternative subclasses of free operations have been defined and investigated (see, e.g., [28] ), here we mention just a few:
• The subclass of Incoherent Operators (IO) [29] consists of the CPTP maps admitting a set of Kraus operators [30] {K n } n such that, for all ρ ∈ I B ,
• The subclass of Dephasing-covariant Incoherent Operators (DIO) [31, 32] contains the operators W such that [W, D B ] = 0.
• The subclass of Strictly Incoherent Operations (SIO) [33] contains the operators in IO that in addition fulfill
• Finally, Genuinely Incoherent Operators (GIO) [34] are the operations W that leave all incoherent states invariant, i.e., for any ρ ∈ I B it holds that W(ρ) = ρ. From the definition it immediately follows that all GIO are in addition unital.
A functional c B : S(H) → R + 0 is a coherence monotone if the following two properties hold: (i) c B (ρ) = 0 for all ρ ∈ I B , and (ii) c B (Wρ) ≤ c(ρ) for all ρ ∈ S(H) and W ∈ I B . Clearly, whether such a functional is a monotone or not depends on the set of free operations, e.g., a monotone of a subclass of MIO is not necessarily a monotone for MIO. The converse, however, is true: MIO monotones are monotones for all the possible subclasses. Monotones impose necessary conditions for interconversion of states under free operations, since c B (ρ 1 ) < c B (ρ 2 ) suggests that it is impossible to convert ρ 1 → ρ 2 under free operations. Monotones, therefore, quantify how much resource a state contains -this amount cannot increase under free operations.
C. Coherence generating power of quantum operations
We begin by reviewing the definition of the Coherence Generating Power (CGP) of a quantum operation, as it was introduced in Ref. [21] . The idea pursued there, which allows transitioning from quantifying the amount of coherence in a quantum state ρ to quantifying the ability of a quantum operation E to generate coherence, is simple: one imagines E acting on ρ in = i p i P i , the latter being chosen at random from a uniform ensemble of "input" states, all of which are incoherent with respect to
. Then one averages the amount of coherence contained in the processed state E(ρ in ) over the ensemble of input states (i.e.
are treated as random variables), obtaining a quantifier characterizing E. Clearly, this quantification of the ability of the quantum channel to generate coherence depends on the choice of the measure of (state) coherence c B . The choice of the coherence monotone c B is far from unique and different choices are possible, depending on the set of free operations.
This approach is encapsuled in the following definition.
and coherence measure c B is defined as
where dµ uni f (p) 1 (d−1)! δ i p i − 1 i dp i is the uniform measure in the (d − 1)-dimensional simplex. Before proceeding further by specifying the coherence measure c B , we provide an alternative interpretation for the meaning of the CGP of a unitary quantum map C B (U). Suppose we are interested in the following question: given a random pure state |ψ ψ| ∈ S(H), what is the average coherence c B of the dephased quantum state D B (|ψ ψ|), for some fixed bases B and B ? For what follows, we assume the random pure states are distributed according to the Haar measure. Related matters were investigated in [35, 36] .
As we will show now, the average coherence present after the dephasing of a random pure states is nothing else than the CGP of a corresponding unitary operator connecting the bases B and B . 
where
Proof. As it was shown in [21] , one can equivalently treat the input states of the CGP definition Eq. (2) as Haar distributed pure states that are dephased in B, i.e.,
The result therefore follows from D B = UD B U † and the fact that the Haar measure is unitarily invariant. Clearly, the above result holds for all valid coherence measures c B . Therefore, besides suggesting an alternative interpretation for the CGP of unitary operators, it further allows applying any already known results for the CGP of unitary operators, e.g., from [21, 37] . Now we specify the coherence measure c B . We examine two possible choices: the monotone arising from the HilbertSchmidt 2-norm and the relative entropy of coherence.
Hilbert-Schmidt 2-norm based monotone
The Hilbert-Schmidt operator 2-norm gives rise to the coherence measure c 2,B (ρ) min
The functional c 2,B is a coherence monotone in the (restrictive) class of GIO. More generally, it constitutes a monotone for any class of free operations if one restricts to unital CPTP maps [22] (such as dephasing processes considered later). Although specific to unital maps, the c 2,B coherence quantifier allows for explicit computable formulas for the CGP in any finite Hilbert space dimension [21] :
Proposition 2. Let C 2,B (E) be the coherence generating power (Eq. (2)) of the unital quantum channel E with coherence quantifier c B = c 2,B . Then,
Proof. (i) Equation (2) can be equivalently written as
where the last equality was obtained using the definition Q B = I − D B and the fact that D B is a hermitian orthogonal projector (and therefore idempotent). Assuming that the quantum processes is unital (E(I) = I) and using the fact that for uniform input ensemble of states
.g., [22] for a derivation) the result follows.
From the normality assumption it follows that the first two terms are equal. The superoperator traces can then be evaluated using the Hilbert-Schmidt operator inner product as Tr (X) = i, j |i j|, X (|i j|) which yields Tr
and hence the result follows.
Let us now make a couple of remarks for CGP based on the Hilbert-Schmidt 2-norm. The original averaging definition for the CGP, Equation (2), surprisingly admits in this case the much simpler form given by Eq. (7). The last equation also implies that the 2-norm CGP for unital quantum channels defined originally is nothing more than a measure of the degree of non-commutativity between E and the dephasing channel D B (see also [23] ).
Relative entropy based monotone
A coherence monotone for MIO (and therefore all subclasses of free operations, see e.g. [31] ) is obtained using relative entropy [29] :
Let C r,B (E) be the CGP Eq. (2) of the quantum channel E with c B = c r,B . Then, from Eq. (8) it is immediate that
Under the class of IO the monotone c r (ρ) has an operational interpretation as the optimal rate of asymptotic coherence distillation, i.e., c r,
as n → ∞, where Φ 2 is the maximal coherence qubit state [33] . The relative entropy CGP of E therefore admits an operational interpretation as the average rate of distillable coherence (under IO) of the processed state E (ρ in ).
Zhang et al. in [37] have obtained explicit expressions for the relative entropy CGP, Eq. (9), when E is a unitary channel. In this article we obtain expressions for dephasing channels, as will be shown in section III B 2.
III. COHERENCE GENERATING POWER OF MAXIMALLY AND PARTIALLY DEPHASING PROCESSES A. Maximally and partially dephasing processes
We begin by distinguishing between two families of dephasing processes.
Definition 2. We characterize a dephasing map D B : S(H) → S(H) as a maximally dephasing channel iff
Otherwise the map is a partially dephasing channel.
In other words, for a maximally dephasing process there exists an orthonormal basis such that all output states of the channel are diagonal with respect to that basis. If the output states are block diagonal (with non-trivial blocks) we call the dephasing partial. Notice, however, that the basis over which this is achieved is not uniquely specified: for example, any permutation or phase shift on the basis elements will still preserve the diagonal outcomes. Nevertheless, the complete set of projectors B completely characterizes the (maximally or partially) dephasing channel: Proposition 3. The set of projectors B corresponding to the (maximally or partially) dephasing channel D B is unique.
Proof. Clearly, the set of projectors B = {Π i } is a set of Kraus operators for the CPTP map D B . We need to show that if B = {Π i } i is a complete family of orthogonal projectors with D B = D B , then B = B . Indeed, the two Kraus decompositions describe the same channel iff there exists a unitary U such that Π i = j U i j Π j (see, e.g. [38] ). But i Π i = I which is true only if i U i j = 1 ∀ j. On the other hand, U is a unitary matrix so the columns form orthonormal vectors. The last two properties can hold together only when U is a permutation matrix. But a permutation of the Kraus operator indices doesn't affect the set B, therefore B = B .
Dephasing processes can be viewed, for example, as nonselective orthogonal measurements. In the case of maximally dephasing the measured observable is non-degenerate and thus all projectors
of D B are rank-1, corresponding to the distinct eigenvalues of the measured observable. On the other hand, in the case of a degenerate observable non-trivial subspaces B = {Π i } occur with Rank (Π i ) equal to the degeneracy of the i-th eigenvalue, i.e., the dephasing is partial.
B. Coherence generating power of maximally dephasing channels
Let us begin with a simple remark. For any maximally dephasing process there exists a basis {|i } d i=1 such that the "coherences" of the output state (i.e., elements i|D B (ρ) | j for i j) vanish. Nevertheless, this does not necessarily imply an incoherent output state since no statement has been made regarding the reference basis with respect to which coherence is quantified. Consider for example the qubit case, maximally dephasing D B where B = {|+ +|, |− −|}, and coherence quantified with respect to B = {|0 0|, |1 1|}. Then clearly
In what follows we expand on this simple observation, quantifying through Eq. (2) how "valuable" a maximally dephasing channel is at creating coherence or, in other words, we calculate how much resource a maximally dephasing channel generates on average after acting on incoherent states. The 2-norm and relative entropy coherence quantifiers are adopted, each relevant in a different class of free operations of the theory. 
where X U ∈ R d×d is bistochastic with (X U ) i j = | i|U| j | 2 .
(ii) Alternatively, on the superoperator level,
where the lower bound is achieved iff
A similar calculation for the other term gives
The result for C 2,B (D B ) follows. The bistochasticity of the matrix (X U ) i j is a direct consequence of the unitarity of U.
(ii) We have D B = D † B , i.e., the maximally dephasing channels are hermitian therefore normal, and also unital. The claim hence follows by setting E = D B in equation (7). (iii) The lower bound properties follow immediately from equation (11) . For the upper bound observe that the matrix X U X T U is positive semi-definite and also bistochastic (as product of bistochastic matrices). Now, since bistochastic matrices have at least one eigenvalue equal to one, the differ-
The numerical factor of 1/2 corresponds to the ((d − 1)-fold degenerate) eigenvalue of X U X T U which maximizes the difference (since 0 ≤ λ ≤ 1 for all eigenvalues). Notice that it is not a priori guaranteed that a unitary matrix U (corresponding to such an X U ) exists. We tackle this question in section A of the Appendix.
Let us now specialize the above for a 2-level system. In Ref. [21] it was shown that, for unital quantum channels E,
where the maximum is achieved over unitary U(·) = U(·)U † with | i|U| j | 2 = 1/d for all i, j (e.g. the quantum Fourier transform). For maximally dephasing processes observe that the optimal 2-norm CGP can be at most one quarter of the maximum value for the CGP (over all unital CPTP maps). In section A of the Appendix we provide an explicit construction to show that the upper bound for maximally dephasing processes C max 2,B (d) is achievable for Hilbert space dimensions d ≤ 13 while we also give a set of sufficient conditions for the bound to be achievable in any dimension.
In 
Relative entropy of coherence
We will now give a set of results "parallel" to Prop. 4 using as coherence quantifier, instead of c 2,B , the relative entropy of coherence c r,B . Given a d-dimensional probability vector p we denote its subentropy [39] as Q(p), defined as
where if two or more of the p i 's are equal then the limit should be taken as they become equal. The definition is extended to column-stochastic matrices X ∈ (R 
where X U ∈ R d×d is bistochastic with (X U ) i j = | i|U| j | 
Proof. (i)
The proof is based on a lemma from [37] , stating that
where B is a d × d bistochastic matrix and H d is the d-th harmonic number. Here we want to calculate the quantity in Eq. (9) for
where we used the unitary invariance of the von Neumann entropy and the fact that D B U i (p i P i ) = i, j (X U ) i j p j P j . From the lemma Eq. (16) we therefore get
In a similar fashion,
Combining the two expressions we get the desired result.
(ii) The relative entropy of coherence is a faithful measure (c r,B (σ) = 0 iff σ ∈ I B ) and, therefore, Notice that the proof relies only on the faithfulness of the coherence measure c r,B and thus the result holds true for any faithful coherence measure c B .
Example 2 (Single qubit maximal dephasing: relative entropy). Assume a single qubit as in Ex. 1. Using Eq. (15) we can calculate the relative entropy CGP for maximally dephasing D B . Setting c cos 2 (θ/2) and s sin 2 (θ/2), we get
The resulting function is compared with the corresponding one from Ex. 1 in Figure 1 .
Notice that equations (10) and (15) are functions of the maximally dephasing superoperators D B and D B , which are characterized (according to Prop. 3) by the sets of rank-1 projectors B and B , respectively. It is therefore expected that any choice of a unitary U in those equations such that U|i = e iθ i |σ(i) , with θ i ∈ R and σ ∈ S d (permutation) leaves both C 2,B (D B ) and C r,B (D B ) unaffected.
C. Coherence generating power of partially dephasing channels
In this section we extend the previous results for the 2-norm CGP to partially dephasing channels. 
where Z ∈ R d×d with
Proof. Our starting point is Eq. (6) with
The more detailed expression for Z in terms of the basis elements {|k, α } follows by writing Π k = d k α=1 |k, α k, α| and performing the trace. The second term becomes
By the cyclic property of the trace, the matrix Z is symmetric and also real since Z *
Let us observe that the Z matrix from Eq. (20) can be also expressed as a function of the unitary U connecting B and B (as in Prop. 4). Indeed, for any U such that U| j = |k( j), α( j) then i|k( j), α( j) = U i j . Of course, such a U is far from unique since it depends on the choice of basis for each subspace corresponding to a Π l . In the case where the dephasing is maximal, rather that partial, Eq. (18) reduces to Eq. (10). Indeed, since d k = 1 for all k = 1, . . . , d, the label α in |k, α becomes redundant (α = 1) and we can use the notation |k, α → |k . As a result Z = X U X T U , where U is a unitary such that |i = U|i . Span{|00 , |01 , |10 , |11 } and coherence quantified with respect to B = {P 00 , P 01 , P 10 , P 11 } (P i j = |i j i j|). Define the complete set of rank-1 projectors B = {P 00 , P 01 , P 10 , P 11 } where P i j = |ψ i (θ 1 , φ 1 )ψ j (θ 2 , φ 2 ) ψ i (θ 1 , φ 1 )ψ j (θ 2 , φ 2 )| (notation as in Example 1). We look at dephasing D B with respect to B = {Π 1 = P 00 + P 01 , Π 2 = P 10 + P 11 }. Applying Eq. (18) we get C 2,B (D B ) = 
IV. DEPHASING PROCESSES THROUGH LINDBLAD DYNAMICS A. Coherence generating power of dephasing Lindbladians
In this section we consider quantum dynamical processes that lead in the long time limit to dephasing of the system under consideration. More specifically, we assume Markovian dynamics of Lindblad form (see, e.g., [13] )
where H is the system Hamiltonian and {L α } α are the Lindblad operators. We first distinguish those Lindblad time evolutions that maximally dephase in the long time limit. Our next steps will be to characterize the maximally dephasing Lindbladians and then calculate the 2-norm CGP for all such time evolutions as a function of time. Naturally, we will recover part of our previous results for the CGP of maximally dephasing channels in the limit t → ∞.
We begin with a Lemma.
Lemma. Let L be a Lindbladian of the general form Eq. We now establish the necessary and sufficient conditions to have maximal dephasing under Lindbladian dynamics and then we calculate the 2-norm CGP for all such processes. (
where X U ∈ R d×d is bistochastic with (X U ) i j = | i|U| j | 2 ,
Proof. (i) & (ii)
The condition lim t→∞ exp (L t) = D B is equivalent to (a ) P i ∈ Ker (L) for all i (i.e., all P i belong to the set of steady states) and (b ) all matrix elements i | exp (Lt) ρ 0 | j (i j) vanish for t → ∞ for all initial states ρ 0 . We will first show that (a ) is equivalent to (a) & (b) holding true. Indeed, from the Lemma it follows that LP i = 0 for all i iff H and {L α } α are all diagonal with respect to B, i.e., conditions (a) and (b) are true. Now we need to make sure that (b ) holds, i.e., non-diagonal elements decay for t → ∞. By plugging in the form of the Lindbladian Eq. (21) it follows that L(|i j |) = λ i j |i j |, with
since all operators are diagonal in the B basis. Thus these elements decay iff Re(λ i j ) < 0 for i j, which is equivalent to condition (c), since Re
Finally, the channel is unital for all t ≥ 0 since
(iii) Our starting point is Eq. (6) (since
In a similar way it follows that
Combining the two calculations the claimed result follows.
Observe that for t → ∞ expression (22) 
B. Maximum Coherence Generating Power of dephasing Lindbladians
A natural question to be asked is whether or not there exist maximally dephasing Lindbladians which, although dephasing in the long time limit, have better capability to produce coherence for finite times than any maximally dephasing channel. As we will show momentarily, such dephasing time evolutions exist with 2-norm CGP that can get arbitrarily close to the maximum possible (over all unital quantum operations) C 2,B .
Consider for simplicity Lindbladian dynamics with Hamiltonian H = 0 and a single unitary Lindblad operator V, expressed as V = e −iH V . The evolution equation then takes the simple form L V ρ = VρV † − ρ. In the case where H V is non-degenerate, all conditions of prop. 7(i) are met so in L V t for a 2-level system (normalized such that 4C max 2,B = 1). The Lindbladian is chosen as in part (iii) of Prop. 8: B = {P 0 , P 1 } and V = P + + e −i π 2t * P − (where P ± = |± ±|). Observe how, as t * increases (or, equivalently, H V ∞ decreases) the peak moves higher up, approaching unity. the long time limit maximal dephasing occurs (with respect to the eigenbasis of the operator H V ).
Without loss of generality, we assume that all eigenvalues of H V are non-negative with H V ∞ < 2π. Now let us examine what happens when H V ∞ 1. By expanding, we get
As a result, for time scales such that t H V 2 ∞ 1 the system undergoes "almost" unitary evolution under effective Hamiltonian H V and error O(t H V 2 ∞ ), which can be made arbitrarily small assuming H V ∞ 1. The occurring effective unitary evolution is the key aspect that allows achieving a large CGP value, while dephasing is still the dominant process for large timescales t H V 2 ∞ 1. Let us now make the above remarks precise. For the following, we normalizẽ
so that 0 ≤C 2,B (E) ≤ 1 for all unital channels E.
be a complete family of rank-1 orthogonal projectors and V = e −iH V be a non-degenerate unitary with L V (·) = V(·)V † − (·) denoting the associated (maximally) dephasing Lindbladian and
denoting the relevant Hamiltonian generator. Then, (i) The difference of the CGP between the Lindbladian and the Hamiltonian evolution is bounded by
for any H V ∞ ≤ 1/2 and t ≥ 0.
(ii) Let W denote a non-degenerate unitary connecting B with a mutually unbiased basis, i.e.,
Then for V = W 1/t * and any t * ≥ 4π,
(iii) Let F denote the quantum Fourier transform matrix, i.e.,
Proof. (i) We split the proof into three parts (a) -(c) which can be combined to show the desired inequality.
(a) For unital CPTP maps E 1 , E 2 the following inequality holds:
To show this, we start from Eq. (6) . Using the triangle inequality, we get
and using the identity Tr (AB) = Tr P (12) 
where P (12) i, j |i j ji| is the SWAP operator, we get
where in the third line we used the fact that |Tr (AB)| ≤ A ∞ B 1 and that P (12) ∞ = 1. Now, since ρ B 1 = 1, we have
Setting M E 1 − E 2 , we have
Now we will bound the term T 2 . The proof proceeds in a similar way. Since D B 1,1 = 1, we also get
The desired inequality follows.
(b) We are going to prove that the following inequality holds:
for all t ≥ 0. Denoting U t exp (Ht) we have
. Now we can bound the quantity of interest:
where in the last inequality we used sub-multiplicativity and the unitary invariance of the diamond norm together with the fact that exp (Lt) ♦ = 1 (CPTP map for all t ≥ 0).
Notice that H V can always be chosen so that all eigenvalues are non-negative and H V ∞ < 2π. Now we define the superoperators
for which it holds that
and therefore
Setting ∆ V − (I − iH V ) we can express the action of
Using Eq. (35), the above reduces to
Prop. 8 provides two different "recipes" to construct dephasing Lindbladians such that for t = t * the 2-norm CGP is nearly maximal and further provides an upper bound for the difference between the occurring CGP and the optimal one at t = t * . An example demonstrating the construction described in part (iii) of the proposition is plotted in Figure 3 . Notice that this family of Lindbladians can get arbitrarily close to the maximum value of CGP for t = t * but, nevertheless, has vanishing CGP for t → ∞. This is because lim t→∞ exp (L V t) = D B with B and B being mutually unbiased bases.
V. RANDOM DEPHASING CHANNELS
Now we investigate the situation where the maximally dephasing channels are random. More specifically, in view of Eq. (10), the CGP of a maximally dephasing channel can also be treated as a random variable over the unitary group U(d), which we consider equipped with the Haar measure. In other words, the basis over which the quantum system is being dephased can be regarded as random variable as, for example, in the occurrence of an orthogonal measurement of some (a priori unknown) non-degenerate observable. For the following, we use the normalizationC 2 
Proposition 9 (CGP of random dephasing). Let P CGP (c) dµ Haar (U) δ c −C 2,B (D B ) be the probability density function of the maximal dephasing (2-norm) coherence generating power over Haar distributed U ∈ U(d). Then (i) For a qubit (d = 2) the probability density function is
(ii) The mean value C 2,B (D B ) U dc cP CGP (c) is bounded from above by
(iii) Using Levy's lemma for Haar distributed unitary matrices, we obtain
Proof. (i) In Ex. 1 the 2-norm CGP for a qubit (in the Bloch sphere parametrization) was found to bẽ C 2,B (θ) = sin 2 (2θ). In this parametrization, Haar distributed unitary matrices U ∈ U(2) correspond 
. Now we can employ the well-known general result (for a proof see, e.g., [42] )
where S n is the symmetric group of n-objects and P π is the operator that enacts the permutation π in H ⊗n . For n = 2, we have
where P (12) is the (12) cycle (i.e., P (12) is just the SWAP operator). Plugging this in and performing the trace, we get Tr X U X T U U = 2d/(d + 1). We will follow a similar strategy for the second quantity
. The quantity being averaged can be reexpressed as
Now we split the sum to two parts: k = l and k l, which we call Σ 1 and Σ 2 , respectively. For Σ 1 we get i, j,k Tr |ii j j ii j j| (|k U k U |) ⊗4 . Taking the average we can use the formula as before with n = 4. Therefore we now have to evaluate i, j,π Tr (|ii j j ii j j|P π ) for all permutations π ∈ S 4 . Out of the 4! = 24 elements, after performing the i, j sum, 4 of them give d 2 [the permutations with cycle decomposition (12), (34) , (12)(34) and the identity permutation] while the rest give d. As a result,
So far everything is exact. For the Σ 2 term we notice we can write
We know approximate the mean Σ 2 U using the inequality
Now we cannot use the formula as before to calculate the average, since |k U and |l U are correlated. Nevertheless, we can use the slightly more general result (see, e.g., [43] )
Evaluating for A = |kl kl| (with k l) we get
2 . Putting everything together we get Finally, we obtain
therefore the Lipschitz constant can be taken to be K = 320. The parameter , in order to give a meaningful result for large Hilbert space dimension d, can be taken to be = d −α , with α ∈ (0, 1/2). Here we choose α = 1/4. The inequality follows.
Proposition 9 demonstrates that, in a quantum system described by a large Hilbert space, a maximally dephasing process over a random basis has vanishingly small capability to produce coherence out of incoherent states. Part (ii) of the above proposition sets an upper bound the (properly normalized) CGP, establishing that for large Hilbert space dimension d, the quantity C 2,B (D B ) U drops at least as fast as ∼ 1/d. A graphical comparison between the upper bound from Eq. (40) and the numerically computed mean is presented in Figure 4 . The last part of Prop. 9 shows that, as the Hilbert space size grows, a maximally dephasing process occurring over a random basis has (with an exponentially increasing probability) CGP which is tightly distributed around the (decreasing) mean value. This concentration of the probability distribution function around the mean is depicted in Figure 5 .
VI. CONCLUSION & OUTLOOK
In this work we have investigated the ability of various dephasing processes to generate coherence. For this purpose, we adopted various measures for the coherence generating power of quantum channels, all based on probabilistic averages and arising from the viewpoint of coherence as a resource theory. We provided explicit formulas for maximally dephasing processes, valid for all finite Hilbert space dimensions, measuring how much coherence in generated on average from incoherent states when the Hilbert-Schmidt 2-norm and the relative entropy of coherence are used as quantifiers. In all cases, the coherence generating power of the dephasing process depends on the interplay between the bases over which coherence is quantified and dephasing occurs. This capability clearly vanishes when the two bases coincide while the maximum capability occurs for a basis which depends on the measure of state coherence. If the basis over which dephasing occurs is chosen at random in a uniform way, the average coherence generating power drops fast as the Hilbert space dimension increases.
We then extended the analysis to all Lindblad type quantum evolutions that maximally dephase in the infinite time limit by calculating the relevant Hilbert-Schmidt 2-norm coherence generating power of the associated time evolution for all intermediate times. Although maximally dephasing processes can generate finite amounts of coherence (depending on the associated bases), coherence generation cannot be as powerful as for some unitary processes. This is not always the case, however, for Lindblad evolutions that lead to dephasing. For the latter, we identified families of time propagators that have vanishing coherence generating power in the long time limit but nevertheless can get arbitrarily close to having optimal one for intermediate times.
The coherence generating power of a quantum operation admits, directly by its definition, an interpretation as the average coherence contained in the post-processed states, as quantified by the relevant coherence measure. Nevertheless, an operational interpretation of the coherence generating power, relevant to practical tasks for which coherence is known to be a critical ingredient (such as those mentioned in the section I), is missing and could represent a challenge for future investigation.
